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including unmeasurable model parameters and disturbance (all lying in known polytopes), is considered.
Some previously developed tools, including the norm-bounding technique for relaxing the disturbance-related
constraint handling, the dynamic output feedback law, the notion of quadratic boundedness for specifying the
closed-loop stability, and the ellipsoidal state estimation error bound for guaranteeing the recursive feasibility,
are merged in the control design. Some previous approaches are shown to be the special cases. An example of
continuous stirred tank reactor (CSTR) is given to show the effectiveness of the proposed approaches.
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1. Introduction

Consider a process system model

x kþ 1ð Þ ¼ A kð Þx kð Þ þ B kð Þu kð Þ þ D kð Þw kð Þ;
y kð Þ ¼ C kð Þx kð Þ þ E kð Þw kð Þ;

ð1Þ

where u ∈ℝnu, x ∈ℝnx, y ∈ℝny and w ∈ℝnw are the input, state, output
and bounded disturbance, respectively. This model has been widely
studied (see e.g. [1]). For the time-varying [A |B |C |D |E](k) lying in a
polytope, two kinds of uncertainties have been considered. One,
which is referred to as the quasi-uncertain linear parameter varying
(LPV), assumes that [A |B |C |D |E](k) are exactly known at the current
time k albeit unknown in the future. The other, which is referred to as
the uncertain LPV, assumes that [A |B |C |D |E](k) are unknown for all k.

For the case when w(k) is persistent and unknown, we have
published several works for output feedback robust MPC (OFRMPC)
(see Table 1). In these previousworks,we have developed the following
effective technical tools:

(1) norm-bounding technique for handling physical constraints.
Some scalars (norm bounds) are utilized to counteract the
and Development Program of
cience Foundation of China
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effect of w(k). These scalars are off-line optimized, so that the
conservatism is reduced for constraint handling.

(2) the notion of quadratic boundedness (QB) and dynamic output
feedback law. QB describes quadratic convergence outside of an
ellipsoid and invariance inside of this ellipsoid, which is concise
for specifying stability property. The dynamic output feedback
has four control parametric matrices, which can admit desirable
solutions for the uncertain LPV models (the computational
burden can be reduced by pre-fixing two control parametric
matrices), and parameter-dependent efficient solutions for the
quasi-uncertain LPV models.

(3) the ellipsoidal and polyhedral state estimation error bounds
(EEBs). The ellipsoidal and polyhedral sets are widely utilized
in the control theory. We utilize both kinds of sets which have
complementary advantages.

(4) the auxiliary optimization problem for determining the time for
performing the main optimization, which also reduces the
on-line computational burden. An inappropriate refreshment of
the main optimization problem may not yield the feasible solu-
tions, and it is unnecessary that receding-horizon optimization
always improves the control performance.

(5) the ellipsoid refreshment formula for guaranteeing the recursive
feasibility. By a simple refreshment of the ellipsoidal EEB, the
recursive feasibility can be guaranteed.

As shown in Table 1, not every previous work utilizes all the above
five tools. Previously, the above tools were not fully utilized due to
ustry Press. All rights reserved.



Table 1
The differences between this paper and the existing works

System model Disturbance bound EEC Tool (1) QB in tool (2) EEB of tool (3) Tool (4) Tool (5)

[2] Quasi-uncertain LPV Ellipsoidal √ Polyhedral √
[3] Quasi-uncertain LPV Ellipsoidal √ Ellipsoidal √
[4] Uncertain LPV Ellipsoidal √ Ellipsoidal √
[5] Hammerstein–Wiener Polyhedral √ √ Polyhedral
[6] Uncertain LPV Ellipsoidal √ √ Polyhedral
[7] Hammerstein–Wiener Ellipsoidal √ Ellipsoidal √
[8] Uncertain LPV Polyhedral √ √ Polyhedral
[14] Uncertain LPV Ellipsoidal √ Polyhedral √
[15] Quasi-uncertain LPV Ellipsoidal √ Ellipsoidal & polyhedral √
This paper Uncertain LPV Polyhedral √ √ Ellipsoidal √

1432 B.C. Ding, H.G. Pan / Chinese Journal of Chemical Engineering 24 (2016) 1431–1441
technical difficulties. In our recent works [16,17], in the context of
polyhedral disturbance bound and uncertain LPV model, the above
techniques (1), (2) and (3) have been merged. In this paper, we
summarize the results in [16] and [17], and give a set of algorithms for
OFRMPC; this is mainly related to [4], [6], and [8], for whichmore com-
parisons are shown in the following.

The work [6] firstly applies the following dynamic output feedback
controller for MPC of the uncertain LPV system:

xc kþ 1ð Þ ¼ Ac kð Þxc kð Þ þ Lc kð Þy kð Þ; u kð Þ ¼ Fx kð Þxc kð Þ þ Fy kð Þy kð Þ ð2Þ

where xc∈ℝnxc is the controller state; {Ac,Lc}(k) are controller gain
matrices; {Fx,Fy}(k) are feedback gain matrices. Indeed, before [6], the
works [5,8] apply the same feedback controller, albeit Fy=0 and
originally discussing the estimator-based output feedback. In the
context of OFRMPC, one of the major difficulties is refreshing EEBs.
The works [5,6,8] add the estimation error constraint (EEC) in the
main optimization problem which imposes that the estimation error
has to evolve within the polyhedral EEBs. Adding EEC simplifies
OFRMPC since it is no longer required to refresh EEB. However, EEC
has its adverse effects, such as degrading the control performance and
shrinking the region of attraction. In [2] and [14], EEC is removed, and
the auxiliary optimization problems are utilized to refresh EEBs. By
applying the polyhedral EEBs (see [2,5,6,8,14]), the recursive feasibility
of the main optimization problem is not guaranteed. By applying the
ellipsoidal EEB (see [3,4,7,15]), it begins to guarantee the recursive
feasibility.

Some previous works are not for uncertain LPV models, e.g., [2]
and [3] study the quasi-uncertain LPV models and [5,7] consider
Hammerstein–Wiener model. The works [5] and [7] are based on those
for uncertain LPV models, i.e., [8] and [4], respectively. By removing
EEC and optimizing more controller parameters, [4] improves [8], so
[7] improves [5]. In the present paper, we study the uncertain LPV
model which is more general and sophisticated, so the results can be
extended to the quasi-uncertain LPV and Hammerstein–Wienermodels.

There are several more differences among [4], [6], and [8]. The work
[8] applies the dilation technique to handle the linear matrix inequal-
ities (LMIs), while [4] and [6] abandon this technique. The work [8]
uses the norm-bounding technique to handle the invariance conditions,
while [4] and [6] utilize the notion of QB. The works [6,8] pre-specify a
part of control law parameters for simplification, while [4] optimizes
all the controller law parameters. The work [8] assumes polyhedral
bound of w(k) and utilizes the norm-bounding technique to simplify
the LMIs, while [4] and [6] assume ellipsoidal bound of w(k) but give
up the norm-bounding technique.

By fusing the merits and erasing the differences, the present paper
has three notable contributions: (1) the constraint handling results are
improved by the norm-bounding technique; (2) some previous tech-
niques in [4], [6] and [8] are shown to be special cases; (3) it paves the
way, so it can be the new starting point, for the future researches.

Notations: For a vector x and positive-definite matrix W, ‖x‖W2 : =
xTWx, εW : ={ξ |ξTWξ ≤1}, and x(i |k) is the value of x(k+ i) predicting
at time k. I is the identity matrix with appropriate dimension. CofSg
denotes a convex hull, i.e., any element belongs to CofSg is a combina-
tion of elements in the polytope S, with the scalar combing coefficients
being nonnegative and summing as 1. The symbol ⋆ induces a symmet-
ric structure in a squarematrix. For theMPC decision variables, the time
indices are often omitted for simplicity.

2. Problem Statement

Based on the predictions made by Eqs. (1), (2), the augmented
prediction model at time k is

~x iþ 1jkð Þ ¼ Φ i; kð Þ~x ijkð Þ þ Γ i; kð Þw kþ ið Þ; i ≥ 0; ~x 0jkð Þ ¼ ~x kð Þ ð3Þ

where ~x ¼ ½xT; xTc �
T
;Φði; kÞ ¼ �

Aðkþ iÞ þ Bðkþ iÞFyðkÞCðkþ iÞ Bðkþ iÞFxðkÞ
LcðkÞCðkþ iÞ AcðkÞ

�

and Γði; kÞ ¼ Bðkþ iÞFyðkÞEðkþ iÞ þ Dðkþ iÞ
LcðkÞEðkþ iÞ

� �
. Let us define zðkÞ ¼

C
!ðkÞxðkÞ þ E

!ðkÞwðkÞ∈ℝnz , the constrained signal (e.g., z=x, z=y), and

z0ðkÞ ¼ C
 ðkÞ~xðkÞ þ E

 ðkÞwðkÞ∈ℝnz0 , the penalized signal (e.g., z0 ¼ ~x ,

z′=z). fD;E; E!; E
 gðkÞ are the shaping matrices forw(k).

We will utilize the following disturbance-free prediction model:

~xu iþ 1jkð Þ ¼ Φ i; kð Þ~xu ijkð Þ; i≥0; ~xu 0jkð Þ ¼ ~x kð Þ:

Accordingly,uu(i|k)=Fx(k)xc,u(i|k)+Fy(k)yu(i|k) is the disturbance-

free input prediction, and z0uðijkÞ ¼ C
 ðkþ iÞ~xuðijkÞ is the disturbance-

free penalized signal prediction.
The controllers strictly satisfy the following physical constraints:

−u ≤ u kð Þ ≤ u; ð4Þ

−ψ ≤ Ψz kþ 1ð Þ ≤ ψ; ð5Þ

where u ¼ ½u1;u2;⋯;unu �T; ψ ¼ ½ψ1;ψ2;⋯;ψq�
T
; uj N0, j=1 , … ,nu;

ψ j N0, j=1,… ,q; Ψ ∈ ℝq×nx.

2.1. System assumptions and notion of quadratic boundedness

The following is a general assumption of this paper.

Assumption 1. ½AjBjCjC!jC jDwjEwjE!wjE w�ðkÞ∈Ω :¼ Cof½AljBljC ljC
!

lj
C
 

ljDwwljEwwljE
!

wwljE
 

wwl�jl ¼ 1;…; L; �g where ½DwjEwjE!wjE w� is
a constant matrix, i.e., there exist nonnegative coefficients λl(k),

l=1, … ,L such that ∑
L

l¼1
λlðkÞ ¼ 1 and ½AjBjCjC!jC jDwjEwjE!wjE w�

ðkÞ ¼∑
L

l¼1
λlðkÞ½AljBljC ljC

!
ljC
 

ljDwwljEwwljE
!

wwljE
 

wwl�.
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The following assumption (1) is equivalent to, while (2) is a special
case of, Assumption 1:

(1) ½AjBjCjDjEjC!jC jE!jE �ðkÞ and w(k) lie in different polytopes;

(2) ½AjBjCjC!jC �ðkÞ, ½DjEjE!jE �ðkÞ andw(k) lie in different polytopes.

Remark1. As the special cases for ½DwjEwjE!wj E w�ðkÞ inAssumption1,
the following two assumptions are equivalent:

A1 ½DwjEwjE!wjE w� ðkÞ ∈ Cof½Dww1jEww1jE
!

ww1jE
 

ww1�;−½Dw

w1jEww1jE
!

ww1jE
 

ww1�; ½Dww2jEww2jE
!

ww2jE
 

ww2�;−½Dww2

jEww2j E
!

ww2jE
 

ww2�;⋯; ½DwwL0 jEwwL0 jE
!

wwL0 jE
 

wwL0 �;−½Dw

wL0 jEwwL0 jE
!

wwL0 jE
 

wwL0 �g;
A2 ½DwjEwjE!wjE w� ðkÞ ∈ Cof½Dww1jEww1jE

!
ww1jE

 
ww1�σ ðkÞ;

½Dww2j Eww2jE
!

ww2jE
 

ww2�σðkÞ;⋯; ½DwwL0 jEwwL0 jE
!

wwL0 jE
 

w

wL0 �σðkÞg , and σ(k) ∈ Co{−1,1}, which can be seen as the
ellipsoidal disturbance bound.

The results in this paper are based on Assumption 1, but are more
tightly suitable for the above Assumptions A1–A2.

The notion of QB, originally inherited from [9] and [10], can be
utilized on Eq. (3).

Definition 1. The system (3) is quadratically bounded with a common
Lyapunov matrix Q0

−1, if, for all allowable λj(k+ i) and w(k+ i), i ≥ 0,

~x ijkð ÞTQ−1
0 ~x ijkð Þ ≥1 ⇒ ~x iþ 1jkð ÞTQ−1

0 ~x iþ 1jkð Þ ≤ ~x ijkð ÞTQ−1
0 ~x ijkð Þ

n o
:

Lemma 1. Consider the system (3). For all allowable λj(k+ i) and
w(k+ i), i≥0, the following are equivalent:

(1) Eq. (3) is quadratically bounded with a common Lyapunov ma-
trix Q0

−1;
(2) The ellipsoid εQ 0

−1 is positively invariant for Eq. (3), i.e.,~xðkÞ ∈ εQ−1
0

leads to ~xðijkÞ ∈ εQ−1
0

for all i ≥1.
2.2. Optimization problem

In the dynamic OFRMPC, let us solve, at each time k,

min
γ;β;Q ;Ac ;Lc ;Fx ;Fy

max
AjBjCj C!j C jDwjEwj E!wj E w

h i
kþið Þ∈Ω

γ

0
BB@

1
CCA; ð6Þ

s:t: −u ≤ u ijkð Þ ≤ u; −ψ ≤ Ψz iþ 1jkð Þ ≤ ψ; i ≥ 0; ð7Þ

~x kð Þ ∈ εQ−1 ; ð8Þ

~x ijkð Þk k2β−1Q−1 ≥1⇒ ~x ijkð Þk k2β−1Q−1− ~x iþ 1jkð Þk k2β−1Q−1 ≥ 0; 0 b β≤1; i ≥ 0

ð9Þ

~xu ijkð Þk k2Q−1− ~xu iþ 1jkð Þk k2Q−1 ≥1=γ z0u ijkð Þ�� ��2
Wz
þ uu ijkð Þk k2Wu

h i
; i ≥ 0;

ð10Þ

whereWzN0 andWuN0 are weighting matrices. A stabilizing controller
results in a stable Φ(i,k), so lim

i→∞
z0uðijkÞ ¼ 0 and lim

i→∞
uuðijkÞ ¼ 0. Hence,

summingEq. (10) for all i yields JðkÞ :¼∑
∞

i¼0

h
kz0uðijkÞk2Wz

þ kuuðijkÞk2Wu

i
≤

γðkÞk~xðkÞk2Q ðkÞ−1 . According to Eq. (8), J(k) is upper-bounded by γ(k).

Comparing with Definition 1 and Lemma 1, in Eq. (9) we let
Q 0=βQ.
Let us defineQ ¼ Q 1 Q T
2

Q 2 Q 3
andM ¼ Q−1 ¼ M1 MT

2
M2 M3

(see [2,3,

6,7,15]). In handling Eq. (8), one should eliminate the unmeasurable
x(k). By defining an error signal e(k)=x(k)+M1(k)−1M2(k)Txc(k),

the item ~xðkÞTQ−1~xðkÞ can be divided into a nominal part and an
uncertain part. Let us further choose M2=−E0M1. Then, it is easy to
show that Q2=Q3E0 and

Q ¼ Q 1 ET
0Q 3

Q 3E0 Q 3

� �
;M ¼ M1 −M1E

T
0

−E0M1 M3

� �
: ð11Þ

Assumption 2. There exists Me(0)N0 such that e(0)=x(0)−
E0Txc(0) ∈ εMe(0).

Lemma 2. Let Assumption 2 hold and, at each time kN0, findMe(k)N0
such that e(k)∈εMe(k). Then, condition (8) is guaranteed if either of the
following is satisfied:

(1) there exist a scalar ρ and symmetric matrices {M1,M3} such that

M1 ≤ ρMe kð Þ; ð12Þ

xc kð ÞT M3−E0M1E
T
0

� �
xc kð Þ ≤ 1−ρ; ð13Þ

(2) there exist a scalar ρ and symmetric matrices {Q1,Q3} such that

Q 1−ET
0Q 3E0 ⋆
I ρMe kð Þ

� �
≥ 0; ð14Þ

1−ρ ⋆
xc kð Þ Q 3

� �
≥ 0: ð15Þ

The above (1) and (2) are equivalent.

Proof. Applying the definitions ofM and e yields

~x kð ÞTQ−1~x kð Þ ¼ ~x kð ÞTM~x kð Þ
¼ e kð ÞTM1e kð Þ þ xc kð ÞT M3−M2M

−1
1 MT

2

� �
xc kð Þ

¼ e kð ÞTM1e kð Þ þ xc kð ÞT M3−E0M1E
T
0

� �
xc kð Þ

If Eq. (12) holds, then Eq. (13) guarantees Eq. (8). Applying the
Schur complement, it is shown that Eqs. (12), (13) are equivalent to
Eqs. (14), (15).

3. Synthesis Approaches of Dynamic OFRMPC

We firstly propose a general approach to the dynamic OFRMPC,
incorporating the relaxation scalars, in Section 3.1, and then simplify it
in Section 3.2 by pre-fixing a part of the control parameters. In
Section 3.3, we off-line optimize the relaxation scalars finishing the
norm-bounding technique.

3.1. A general synthesis approach of dynamic OFRMPC

A specific synthesis approach of OFRMPC is dependent on how to
handle Eqs. (7), (9) and (10).
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Lemma 3. Condition (9) for all ~xðijkÞ, and Eq. (10) for all ~xuðijkÞ, in the sense for all admissible w(k+ i), are equivalent to

XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ
1−αlj
� �

M ⋆ ⋆
0 βαlj ⋆Φlj Γ lw j Q

2
4

3
5 ≥ 0; 0 b β ≤ 1; ð16Þ

XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ
M ⋆ ⋆ ⋆Φlj Q ⋆ ⋆

W1=2
z C
 

j 0 γI ⋆
W1=2

u FyC j Fx
	 


0 0 γI

2
6664

3
7775≥0; ð17Þ

where Φlj ¼ Al þ Bl FyC j Bl Fx
LcC j Ac

� �
and Γ l ¼ Dw þ Bl FyEw

LcEw

� �
, and αljs (αlj=αjl) are scalars.

Proof. Refer to “Lemma 3” in [16].

Lemma 3 keeps unchanged if we replace w(k) by w(k)σ(k) where σ(k)∈Co{−1,1} is unknown and persistent. The summations weighted by
λl(k+ i)s and λj(k+ i)s, as in Eqs. (16), (17), are named double convex combinations (DbCCs). Refer to [2] and [3] for handling DbCCs, originally
to [11] and [12]. Applying Definition 1 and Lemma 1, it is clear that Eqs. (8), (9) result in

~x ijkð Þ ∈ εQ−1 ; i ≥ 0: ð18Þ

Applying Eq. (18) and the following proposition, the physical constraints are handled.

Proposition 1. Suppose P N 0 is a matrix while a and b are vectors with appropriate dimensions. Then, for any scalar η ∈(0,1),

aþ bð ÞTP aþ bð Þ ≤ 1
1−η

aTPaþ 1
η
bTPb:

Lemma 4. Suppose at time k, there exist scalars {α lj,β≤1,ρ,ηrs} (α lj=αjl), matrices {Ac,Lc,Fx,Fy} and symmetric matrices {M1,M3,Q1,Q3} such
that Eqs. (11)–(13), (16) and

M ⋆ ⋆
0 1 ⋆

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−η1s

p ξs FyC j Fx
	 
 1ffiffiffiffiffiffiffiη1s

p ξsFyEww j u2
s

2
664

3
775 ≥ 0; j ¼ 1;…; L; s ¼ 1;…;nu; ð19Þ

XL
l¼1

XL
j¼1

λl kþ ið Þλ j kþ ið Þ
M ⋆ ⋆
0 1 ⋆

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−η3s
� �

1−η4s
� �q Ψs C

!
hΦ1

lj
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−η3s
� �

η4s
q Ψs C

!
hΓ1

l w j ψ
2
s−

1
η3s

Ψs E
!

wwh

� �2

2
6664

3
7775 ≥ 0; h ¼ 1;…; L;

s ¼ 1;…; q

ð20Þ

where Φlj
1=[Al+BlFyCj BlFx], Γl1=Dw+BlFyEw, and Ψs (ξs) is the s-th row of Ψ (the nu-ordered identity matrix). Then, Eq. (7) is satisfied.

Proof. For the input constraint, refer to “Lemma 4” in [16].

Apply zðiþ 1jkÞ ¼ C
!ðkþ iþ 1Þ½I 0�½Φði; kÞ~xðijkÞ þ Γði; kÞwðkþ iÞ�þ E

!ðkþ iþ 1Þwðkþ iþ 1Þ. Then

max
i≥0
jΨsz iþ 1jkð Þj2≤ max

i≥0

1
1−η3s
� �

1−η4s
� � Ψs C

! kþ iþ 1ð Þ I 0½ �Φði; kÞQ 1
2

��� ���2
(

þ 1
1−η3s
� �

η4s
Ψs C
! kþ iþ 1ð Þ I 0½ �Γði; kÞw kþ ið Þj j2þ 1

η3s
Ψs E
! kþ iþ 1ð Þw kþ iþ 1ð Þj j2

) ð21Þ

Hence, if

ψ
2
s−

1
η3s

Ψs E
! kþ iþ 1ð Þw kþ iþ 1ð Þð Þ2− 1

1−η3s
� �

η4s
Ψs C
! kþ iþ 1ð Þ I 0½ �Γ i; kð Þw kþ ið Þ½ �2− 1

1−η3s
� �

1−η4s
� �

� Ψs C
!

kþ iþ 1ð Þ I 0½ �Φ i; kð ÞQΦ i; kð ÞT I 0½ �T C! kþ iþ 1ð ÞTΨs
T≥0; s ¼ 1;…; q;

ð22Þ

then jΨzðiþ 1jkÞj≤ψ for all i≥0. Applying the Schur complement and convexity of the polytopic description, it is shown that Eq. (22), for all
i≥0, is equivalent to

XL
h¼1

λh kþ iþ 1ð Þ
XL
l¼1

XL
j¼1

λl kþ ið Þλ j kþ ið Þϒoc
s;hlj

0
@

1
A ≥ 0; s ¼ 1;…; q; ð23Þ
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M ⋆ ⋆ ⋆
0 I ⋆ ⋆6 7
where ϒoc
s;hlj ¼ 0 0 I ⋆

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−η3sÞð1−η4sÞ
p Ψs C

!
hΦ1

lj
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1−η3sÞη4s
p Ψs C

!
hΓ1

l w j
1ffiffiffiffiffi
η3s
p Ψs E

!
wwh ψ

2
s

664 775. Eq. (23) holds if
XL
l¼1

XL
j¼1

λl kþ ið Þλ j kþ ið Þϒoc
s;hlj ≥ 0; h ¼ 1;…; L; s ¼ 1;…; q ð24Þ
Applying the Schur complement, it is shown that Eq. (24) is equiva-
lent to Eq. (20).

In Lemma 4, η1s (s=1,… ,nu), η3s ,η4s (s=1,2,… ,q) are the relaxa-
tion scalars. Lemma 4 keeps unchanged if we replacew(k) byw(k)σ(k)
where σ(k) ∈ Co{−1,1} is unknown and persistent.

Summarizing Lemmas 2, 3 and 4, we approximate Eqs. (6)–(10)
by

minΘ γ; s:t: Eqs: 11ð Þ− 13ð Þ; 16ð Þ; 17ð Þ; and 19ð Þ; 20ð Þ and β

¼ 1; M ¼ Q−1; αlj ¼ αjl ð25Þ

where Θ={αlj (l=1, … , L, j=1, … , L), η1s (s=1, … ,nu), η3s,
η4s (s=1, … ,q), γ ,ρ ,Ac ,Lc ,Fx ,Fy ,M1 ,M3 ,Q1 ,Q3}. We set β=1 in
Eq. (25). With the solution to Eq. (25), one can find

βmin ¼ arg min
β

β; s:t: Eq: 16ð Þ

If βmin(k)b1, then jj~xðkþ 1ÞjjQ ðkÞ−1bjj~xðkÞjjQ ðkÞ−1 ; otherwise, it mere-

ly guarantees ~xðkþ 1Þ ∈ εQ ðkÞ−1 . The problem Eq. (25) is non-convex,

but its near-optimal solution can be found; refer to [4] and [14]. Note
that [4] and [14] don't have ηrss. Since αljs and ηrss can be line searched
over (0,1), the existence of these scalars does not deny the near-
optimality.

Theorem1. For the system Eq. (1), the dynamic OFRMPC is adopted
with {Ac,Lc,Fx,Fy}(k) obtained via solving Eq. (25). If Eq. (25) is feasible
at time k=0, and Assumption 2 holds, andMe(k) is refreshed according
to

Me kð Þ ¼M�1 k−1ð Þ 1−xc kð ÞT M�3 k−1ð Þ−E0M
�
1 k−1ð ÞET

0

h i
xc kð Þ

h i−1
; ð26Þ

at each time k N 0, then {z′,u} will converge to a neighborhood of {0,0},
and constraints (4), (5) are satisfied for all k≥0.

Proof. Refer to “Theorem 1” in [16].

Choosing z0 ¼ ~x, then Theorem 1 claims stability of the augmented
closed-loop system.

Remark2. By choosingη1s ¼ η4s ¼ 1
2andη3s ¼ 1

3, a simplified version
for handling the physical constraints is recovered (see [2-4,6]). The
techniques in [2] and [6] utilize the polyhedral EEBs, so they do not
guarantee the recursive feasibility of the main optimization problem.
3.2. A simplified synthesis approach of dynamic OFRMPC

By the simplified approach, we refer to the case when Lc and Fy are
pre-specified. The pre-specification of {Lc,Fy} is shown in Algorithm 1

in the sequel. Take the transformations Âc ¼ AcQ 3 and F ̂
x ¼ FxQ 3 .

Take C
 ðkÞ ¼ I. Applying a congruence transformation, via diag{Q, I}, it

is shown that Eqs. (16), (17) hold if
XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ
1−αlj
� �

Q ⋆ ⋆
0 βαljI ⋆Σlj Γ lw j Q

2
4

3
5≥0; ð27Þ

XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ
Q ⋆ ⋆ ⋆Σlj Q ⋆ ⋆

W1=2
z Q 0 γI ⋆

W1=2
u Σ j 0 0 γI

2
664

3
775≥0; ð28Þ

whereΣlj ¼ ðAl þ Bl FyC jÞQ 1 þ Bl F
̂
xE0 ðAl þ Bl FyC jÞET

0Q 3 þ Bl F
̂
x

LcC jQ 1 þ ÂcE0 LcC jE
T
0Q 3 þ Â c

" #
,Σ j ¼ FyC jQ 1 þ F ̂

xE0 FyC jE
T
0Q 3 þ F ̂

x

h i
. Applying the similar transforma-

tions on Eqs. (19), (20), we obtain the following conclusion.

Lemma 5. Suppose at time k, there exist scalars {αlj,β≤1,ηrs,ρ} (αlj=αjl), matrices fÂc; F ̂
xg and symmetric matrices {Q1,Q3} such that Eqs. (14),

(15), (27) and (with Q2=Q3E0)

Q ⋆
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−η1s
p ξsΣ j u2

s−
1
η1s

ξs FyEww j
� �2

2
4

3
5≥0; j ¼ 1;…; L; s ¼ 1;…;nu ð29Þ
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XL
l¼1

XL
j¼1

λl kþ ið Þλ j kþ ið Þ
Q ⋆ ⋆
0 I ⋆

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−η3s
� �

1−η4s
� �q Ψs C

!
hΣ1

lj
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−η3s
� �

η4s
q Ψs C

!
hΓ1

l w j ψ
2
s−

1
η3s

Ψs E
!

wwh

� �2
6664

7775≥0; h ¼ 1;…; L; s ¼ 1;…; q ð30Þ

whereΣ1
lj ¼ ½ðAl þ Bl FyC jÞQ 1 þ Bl F

̂
xE0; ðAl þ Bl FyC jÞET

0Q 3 þ Bl F
̂
x�, andΨs (ξs) is the s-th row ofΨ (the nu-ordered identitymatrix). Then, Eq. (7)

is satisfied.
In summary, we approximate Eqs. (6)–(10) by

minΘ γ; s:t: Eqs: 14ð Þ; 15ð Þ; 27ð Þ− 30ð Þ and β ¼ 1;Q 2 ¼ Q 3E0;αlj ¼ αjl; ð31Þ

where Θ={αlj (l=1, … , L, j=1, … , L),η1s (s=1, … ,nu), η3s ,η4s (s=1, … ,q) ,γ ,ρ, Â c; F ̂
x;Q 1;Q 3g. A comparison of the problems (25)

and (31) are shown in Table 2. For Eq. (25), there are two sources of heavy computational burden (see [4,14]): (1) cone complemen-
tarity approach for achieving M=Q−1, which often increases the computation burden for dozens of times; (2) iterative approach for
minimizing γ, which often increases the computation burden for a few to hundreds of times. Therefore, Eq. (25) involves dozens to
thousands of times larger computational burden than Eq. (31). For practical applications, it is more suitable to apply Eq. (31) than to
apply Eq. (25).
Table 2
A comparison of Eqs. (25) and (31)

Solution procedure LMI decision variables Initialization Invariance Optimality Physical
constraints

Line searches
over (0,1)

(25) Line searches, LMI toolbox, cone complementarity
and iterative approaches

γ ,ρ ,Ac ,Lc ,Fx ,Fy M1 ,M3 ,
Q1 ,Q3 (M=Q−1)

Eqs. (12), (13) Eq. (16) Eq. (17) Eqs. (19), (20) αlj=αjl,ηrs

(31) Line searches, LMI toolbox γ;ρ;A ̂
c; F ̂

x ;Q 1;Q 3
Eqs. (14), (15) Eq. (27) Eq. (28) Eqs. (29), (30) αlj=αjl, ηrs
The closed-loop stability by applying Eq. (31) is similar to that by
Eq. (25).

Corollary 1. For the system (1), the dynamic OFRMPC is adopted
with {Ac,Fx}(k) obtained via solving Eq. (31). If Eq. (31) is feasible
at time k=0, and Assumption 2 holds, andMe(k) is refreshed accord-
ing to

Me kð Þ ¼ Q �1 k−1ð Þ−ET
0Q
�
3 k−1ð ÞE0

h i−1
1−xc kð ÞTQ �3 k−1ð Þ−1xc kð Þ
h i−1

;

ð32Þ

at each time kN0, then f~x;ug will converge to a neighborhood of
{0,0}, and Eqs. (4), (5) are satisfied for all k≥0.
3.3. Pre-specifying relaxation scalars by norm-bounding technique

In both Eqs. (25) and (31), line searching ηrss considerably increases
the computational burden. In [8], the similar scalars are eliminated
(from on-line optimization) by applying the norm-bounding technique.
In the following, we pre-specify ηrss by the extended norm-bounding
technique.

Lemma 6. In the problem (31), the conditions (29), (30) hold if

Q ⋆ξsΣ j ~u2
s

� �
≥ 0; j ¼ 1;…; L; s ¼ 1;…;nu ð33Þ
XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ Q ⋆Ψs C
!

h
Σ1

lj
~ψ
2
s

� �
≥0; h ¼ 1;…; L; s ¼ 1;…; q;

ð34Þ
where

~us ¼ us−ζu
s ; ð35Þ

~ψs ¼ ψs−ζ z
s−ζ

z
s ; ð36Þ

ζu
s ¼ max ξsFyEww j

�� ��j j ¼ 1;…; L

 �

; ð37Þ

ζ z
s ¼ max Ψs E

!
wwh

��� ���jh ¼ 1;…; L
n o

; ð38Þ

ζ
z
s ¼ arg min

ζ
z
s

ζ
z
s ;

s:t:
XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ ζ
z
s ⋆Ψs C

!
hΓ1

l w j ζ
z
s

" #
≥0; h ¼ 1;…; L:

ð39Þ

Proof. By taking ζ su as in Eq. (37), and congruence transformation

on Eq. (29) via diagfI; ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−η1s

p g, and ~u2
s ¼ ð1−η1sÞ½u2

s−
1
η1s
ðζu

s Þ
2�, it is
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shown that Eq. (29) is guaranteed by Eq. (33). Then, the maximum ~us is

calculated by Eq. (35), taking η1s ¼ ζus
us
.

By taking fζ z
s ; ζ

z
sg as in Eqs. (38), (39), and congruence transforma-

tion on Eq. (30) via diagfI; ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1−η3sÞð1−η4sÞ
p g , and applying the

Schur complement, and taking ~ψ
2
s ¼ ð1−η4sÞ½ð1−η3sÞψ

2
s−

1−η3s
η3s
ðζ z

sÞ
2−

1
η4s
ðζ z

sÞ
2� , it is shown that Eq. (30) is guaranteed by Eq. (34).

Then, the maximum ~ψs is calculated by Eq. (36), taking η3s ¼ ζ zs
ψs

and η4s ¼ ζ
z
s

ψs−ζ z
s
.

Algorithm1. (Fixing {Fy,Lc} in Eq. (31), and {αlj=α,ηrs} in Eqs. (25)
and (31))

(1) Solve (cone complementarity and iterative approaches, as in [4]
and [14])

min
α;γ;Ac ;Lc ; Fx ; Fy ;M1 ;M3 ;Q1 ;Q3

γ; s:t: 16ð Þ; 17ð Þ and β ¼ 1;M ¼ Q−1;αlj ¼ α;

ð40Þ

to obtain {Fy,Lc,α}. Thus, αlj=α in Eq. (25), and {αlj=α,Fy,Lc} in
Eq. (31), are fixed.

(2) Apply Eqs. (37), (39) to obtain fζu
s ; ζ

z
s ; ζ

z
sg, and taking η1s ¼ ζus

us
,

η3s ¼ ζ zs
ψs

and η4s ¼ ζ
z
s

ψs−ζ zs
. Thus, ηrss in Eqs. (25) and (31) are

fixed.

The problem (40) omits the physical constraints. Hence, in
Algorithm 1, the local optimality of {αlj=α,ηrs,Fy,Lc} is preserved.
4. Applying to Different System Assumptions

Firstly, Eqs. (25) and (31) are applied to a set of special system as-
sumptions. Then, taking [8] as an example, it is shown that some previ-
ous approaches are special cases.
4.1. Applying to a set of special system assumptions

Assume that DðkÞwðkÞ ¼ DðkÞv0ðkÞ, EðkÞwðkÞ ¼ EðkÞw0ðkÞ and w ¼
v0T w0T

	 
T. Rewrite fD;E; v0;w0;wg as fD;E; v;w; ~vg. For this equiva-
lent case, the augmented prediction model Eq. (3) becomes.

~x iþ 1jkð Þ ¼ Φ i; kð Þ~x ijkð Þ þ ~Γ i; kð Þ~v kþ ið Þ; i ≥ 0; ~x 0jkð Þ ¼ ~x kð Þ; ð41Þ

where ~Γði; kÞ ¼ Dðkþ iÞ Bðkþ iÞFyðkÞEðkþ iÞ
0 LcðkÞEðkþ iÞ

� �
. In [8], the following

assumptions are given for Eq. (41).

Assumption 3. [A |B |C](k)∈Ω1 : =Co{[Al |Bl |Cl]| l=1, … , L},
i.e., there exist nonnegative coefficients λl(k) such that ∑

L

l¼1
λlðkÞ ¼

1 and ½AjBjC�ðkÞ ¼∑
L

l¼1
λlðkÞ½AljBljC l� . Moreover, [D |E](k)∈Ω2 : =

Co{[Dl |El]| l=1, … ,p}.

Assumption 4. vðkÞ ∈V :¼ Cofv1; v2;⋯; vmvg ⊇ 0 and wðkÞ ∈W :¼ Cof
w1;w2;⋯;wmwg ⊇ 0, for all k≥0.

By taking Ω ¼ Ω1 �Ω2 � V�W, Assumptions 3, 4 are recovered
from Assumption 1. With Assumptions 3, 4, we can give an approach
of OFRMPC parallel to Eq. (25) (where z=x), i.e.,
minΘ γ; s:t: Eq: 11ð Þ− 13ð Þ; 17ð Þ; 43ð Þ− 45ð Þ and β ¼ 1;M ¼ Q−1;αlj ¼ αjl ð42Þ

XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ
1−αlj
� �

M ⋆ ⋆
0 βαlj ⋆

Φlj
Dtvr þ Bl FyEtwτ

LcEtwτ

� �
Q

2
664

3
775≥0;

t ¼ 1;…; p; r ¼ 1;…;mv; τ ¼ 1;…;mw;

ð43Þ

M ⋆ ⋆
0 1 ⋆

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−η1s

p ξs FyC j Fx
	 
 1ffiffiffiffiffiffiffi

η1s
p ξs FyEtwτ u2

s

2
664

3
775≥0;

j ¼ 1;…; L; t ¼ 1;…;p; τ ¼ 1;…;mw; s ¼ 1;…;nu;

ð44Þ

XL
l¼1

XL
j¼1

λl kþ ið Þλ j kþ ið Þ
M ⋆ ⋆
0 1 ⋆

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−η2s

p ΨsΦ1
lj

1ffiffiffiffiffiffiffiη2s
p Ψs Dtvr þ Bl FyEtwτ

� �
ψ
2
s

2
664

3
775≥0;

t ¼ 1;…;p; r ¼ 1;…;mv; τ ¼ 1;…;mw; s ¼ 1;…; q

ð45Þ

where Θ={αlj (l=1,… ,L, j=1,… ,L), η1s (s=1,… ,nu), η2s (s=1,… ,q) , γ ,ρ, Ac ,Lc ,Fx ,Fy ,M1 ,M3 ,Q1 ,Q3}. The closed-loop stability holds the
same as Eq. (25).
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With Assumptions 3, 4, we can also give a simplified approach of OFRMPC parallel to Eq. (31) (where z=x), i.e.,

minΘ γ; s:t: Eqs: 14ð Þ; 15ð Þ; 28ð Þ; 47ð Þ− 49ð Þ and β ¼ 1;Q 2 ¼ Q 3E0;αlj ¼ αjl; ð46Þ

XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ
1−αlj
� �

Q ⋆ ⋆
0 βαlj ⋆

Σlj
Dtvr þ Bl FyEtwτ

LcEtwτ

� �
Q

2
664

3
775≥0;

t ¼ 1;…;p; r ¼ 1;…;mv; τ ¼ 1;…;mw

ð47Þ

Q ⋆
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−η1s
p ξsΣ j u2

s−
1
η1s

ξsFyEtwτ
� �2

2
4

3
5≥0;

j ¼ 1;…; L; t ¼ 1;…; p; τ ¼ 1;…;mw; s ¼ 1;…;nu;

ð48Þ

XL
l¼1

XL
j¼1

λl kþ ið Þλ j kþ ið Þ
Q ⋆ ⋆
0 1 ⋆

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−η2s

p ΨsΣ1
lj

1ffiffiffiffiffiffiffiη2s
p Ψs Dtvr þ Bl FyEtwτ

� �
ψ
2
s

2
664

3
775≥0;

t ¼ 1;…;p; r ¼ 1;…;mv; τ ¼ 1;…;mw; s ¼ 1;…; q

ð49Þ

where Θ={αlj(l=1, … ,L, j=1,… ,L), η1s(s=1,… ,nu), η2s(s=1, … ,q) ,γ ,ρ, Â c; F ̂
x;Q 1;Q 3g. The conclusion in Corollary 1 holds when Eq. (31)

is replaced by Eq. (46).

Lemma 7. In the problem (46), the conditions (48), (49) are guaranteed by Eqs. (33), (34), where f~us; ~ψsg are calculated by

~us ¼ us−ζu
s ;

~ψs ¼ ψs−ζx
s ; ð50Þ

with

ζu
s ¼ max ξs FyEtwτ

�� ��jt ¼ 1;…;p; τ ¼ 1;…;mw

 �

; ð51Þ

ζ x
s ¼ max Ψs Dtvr þ Bl FyEtwτ

� ��� ��j l ¼ 1;…; L; t ¼ 1;…;p; r ¼ 1;…;mv; τ ¼ 1;…;mw

 �

: ð52Þ

4.2. Reformulation of a previous approach as a special case

Using the notations in this paper, let us rewrite the optimization problem of [8] (nx=nxc). The problem (8)–(13) in [8] is rewritten as.

min
γ;Q ;Ac ;Fx

max
AjBjC½ � kþið Þ∈Ω1

γ; ð53Þ

s:t: 18ð Þ;−u ≤ u ijkð Þ ≤ u;−e ≤ e ijkð Þ ≤ e;−ψ ≤ Ψx iþ 1jkð Þ ≤ ψ ð54Þ

jj~xu ijkð Þjj2
Q−1−jj~xu iþ 1jkð Þjj2

Q−1 ≥1=γ xc;u ijkð Þ�� ��2
Wx
þ eu ijkð Þk k2We

þ uu ijkð Þk k2Wu

h i
; ð55Þ

where i ≥ 0, eu=xu−xc ,u, WxN0, WeN0 and WuN0. e ¼ ½e1; e2;⋯; enx �T is pre-specified such that eð0Þ ∈ fej−e ≤ e ≤ eg ¼ Cofev1; ev2;⋯; ev2nx g.
The work [8] applies the dilation technique. Take ~T ¼ T1 T2

T3 T3

� �
, Mc=AcT3 and Y=FxT3, where ~T is the dilation matrix. Define

S ¼ TT
1 þ T1−Q 1 ⋆

TT
2 þ T3−Q 2 TT

3 þ T3−Q 3

" #
. Then, we approximate the problems (53)–(55) as

minΘ γ; s:t: Eqs: 57ð Þ− 62ð Þ and β ¼ 1;αlj ¼ αjl; ð56Þ

1 ⋆ ⋆
evj Q 1−Q 2−Q T

2 þ Q 3 ⋆
xc kð Þ Q 2−Q 3 Q 3

2
4

3
5≥0; j ¼ 1;…;2nx ; ð57Þ

XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ
1−αlj
� �

S ⋆ ⋆
0 βαlj ⋆Σlj Ntlrτ Q

2
4

3
5≥0; ð58Þ

XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ

S ⋆ ⋆Σlj Q ⋆
W1=2

e T1−T3; T2−T3½ �
W1=2

x T3; T3½ �−W1=2
e T1−T3; T2−T3½ �

W1=2
u Σ j

2
64

3
75 0 γI

2
666664

3
777775≥0; ð59Þ
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XL
l¼1

λl kþ ið Þ
XL
j¼1

λ j kþ ið Þ
S ⋆ ⋆
0 1 ⋆

1ffiffiffiffiffiffiffiffiffiffiffiffi
1−ηs

p ξcsΘlj
1ffiffiffiffiffi
ηs
p ξcs Dtvr þ Bl Fy−Lc

� �
Etwτ

	 

e2s

2
664

3
775≥0;

s ¼ 1;…;nx;Θlj ¼ Al þ Bl FyC j−LcC j
� �

T1−Mc þ BlY ; Al þ Bl FyC j−LcC j
� �

T2−Mc þ BlY
	 


;

ð60Þ

S ⋆
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−η1s
p ξsΣ j u2

s−
1
η1s

ξs FyEtwτ
� �2

2
4

3
5≥0; j ¼ 1;…; L; s ¼ 1;…;nu; ð61Þ

XL
l¼1

XL
j¼1

λl kþ ið Þλ j kþ ið Þ
S ⋆ ⋆
0 1 ⋆

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−η2s

p ΨsΣ1
lj

1ffiffiffiffiffiffiffi
η2s
p Ψs Dtvr þ Bl FyEtwτ

� �
ψ
2
s

2
664

3
775≥0;

s ¼ 1;…; q;

ð62Þ
where Θ={αlj(l=1,… ,L , j=1,… ,L), η1s(s=1,… ,nu), η2s(s=1,… ,q),
ηs(s=1,… ,nx), γ, Mc ,Y ,T1 ,T2 ,T3 ,Q1 ,Q2 ,Q3}, t=1,… ,p, r=1,… ,mv,

τ=1,… ,mw,Ntlrτ ¼ Dtvr þ Bl FyEtwτ
LcEtwτ

� �
,Σ j ¼ FyC jT1 þ Y

	
FyC jT2 þ

Y � , and Σlj=
ðAl þ Bl FyC jÞT1 þ BlY ðAl þ Bl FyC jÞT2 þ BlY

LcC jT1 þMc LcC jT2 þMc

� �
(with

abuse of notations), and ξsc is the s-th row of the nx-ordered identity
matrix. By taking congruence transformations, via diagf~T ; Ig, and ap-

plying the fact ~T
T þ ~T−Q ≤ ~T

T
Q−1~T (dilation technique), it is shown

that Eqs. (43)–(45) become Eqs. (58) and (61), (62). For EEC and
the optimality conditions, similar dilation trick is applied. With
Eq. (18), EEC −e ≤ eðijkÞ≤ e is guaranteed by Eq. (60), and Eq. (18)
by Eqs. (57), (58). Similar to Eq. (28), the optimality condition (55)
is guaranteed by Eq. (59).

Remark 3. Introducing ~T changes the numerical solutions, and can be
influential for the receding-horizon implementation. However, ~T has
an adverse effect on feasibility. The congruence transformation does
not affect the feasibility. If Eq. (56) is infeasible, but becomes feasible

when ~T
T þ ~T−Q is replaced by ~T

T
Q−1~T , then it is the special struc-

ture of ~T which leads to infeasibility; one cannot take ~T ¼ Q (see
[18]) to deny this fact, since Eq. (56) does not take Q 2=Q 3. Only
when Q2=Q3 is specified, the above special structure of ~T will not
affect the feasibility.

Proposition 2. Problem (56) is less conservative than Eq. (22) in [8]
(which approximates the problems (8)–(13) in [8]), i.e., the latter is a
special case of the former.

Proof. Refer to Proposition 1 in [17].

We cannot show that Eq. (56) (or Eq. (22) in [8]) is a special case
of Eq. (46). Anyway, Eq. (56) (and Eq. (22) in [8]) utilizes the full Q
and ~T . Besides the full Q and ~T , Eq. (46) is better than Eq. (56). As
compared with Eq. (46), there are two weaknesses in Eq. (56):
(1) the loss of recursive feasibility; (2) the intrusion of conservatism
(both in feasibility and optimality) by imposing EEC. In order to guar-
antee recursive feasibility, Eq. (56) can be modified with Q 2=Q 3E0

and Lemma 2; in such a case, by further taking ~T ¼ Q we can say
that Eq. (46) includes the modified optimization problem as a special
case.

Indeed, it is easier to show that the techniques in this paper include
the counterparts in [4] and [6] as special cases.
Remark 4. The approaches in this paper are computationally formida-
ble for moderate or large dimensional systems. One can use the off-
line MPC, which off-line optimizes a series of {Ac,Lc,Fx,Fy,Q} corre-
sponding to a series of off-line selected {Me,xc} (stored in the look-up
table), and on-line (at each time k≥0), chooses a set of {Ac,Lc,Fx,Fy}(k)
(among the look-up table) according to the real-time {xc,Me,ρ}(k).
This is a usual procedure of gain-scheduling control, which is not de-
tailed here.

5. Illustrative Example

We obtain themodel parameters by handling themodel of a contin-
uous stirred tank reactor (CSTR) for an exothermic, irreversible reaction.
For thephysicalmeaning of CSTRmodel, refer to [13]. Themodel param-
eters corresponding to Eq. (1) are: L=4,

A1 ¼ 0:8227 −0:00168
6:1233 0:9367

� �
;A2 ¼ 0:9654 −0:00182

−0:6759 0:9433

� �
;

A3 ¼ 0:8895 −0:00294
2:9447 0:9968

� �
;A4 ¼ 0:8930 −0:00062

2:7738 0:8864

� �
;

B1 ¼ −0:000092
0:1014

� �
;B2 ¼ −0:000097

0:1016

� �
;B3 ¼ −0:000157

0:1045

� �
;

B4 ¼ −0:000034
0:0986

� �
;C l ¼ 0 1½ �;Dl ¼ 0:00223 0

0 0:0564

� �
;

El ¼ 0:5 0:5½ �; l ¼ 1;…;4:

The physical constraints include |u |≤10, |x1|≤0.5 and |y |≤10.More-

over, ½AjBjCjDjE�ðkÞ ¼∑
4

l¼1
λlðkÞ½AljBljC ljDljEl� where

λ1 ¼ 1
2

φ1 yð Þ−φ1 −ψ
y

� �
φ1 ψ

y
� �

−φ1 −ψ
y

� � ;λ2 ¼ 1
2

φ1 ψ
y

� �
−φ1 yð Þ

φ1 ψ
y

� �
−φ1 −ψ

y
� � ;

λ3 ¼ 1
2

φ2 yð Þ−φ2 −ψ
y

� �
φ2 ψ

y
� �

−φ2 −ψ
y

� � ;λ4 ¼ 1
2

φ2 ψ
y

� �
−φ2 yð Þ

φ2 ψ
y

� �
−φ2 −ψ

y
� � ;

φ1ðyÞ ¼ 7:2� 1010e‐ 8750
yþ350,φ2ðyÞ ¼ 3:6� 1010ðe‐ 8750

yþ350−e‐8750350 Þ=y, withψ
y ¼

10 . wðkÞ ∈ Cofw1;w2;w3;w4g , where w1 ¼ 1ffiffi
2
p −1 −1½ � ,w2 ¼ 1ffiffi

2
p

−1 1½ �, w3 ¼ 1ffiffi
2
p 1 −1½ � and w4 ¼ 1ffiffi

2
p 1 1½ �. Technically, in Eqs. (25)

and (31), replace fDww j;Eww j; E
!

wwhg by fDlwτ ;E jwτ ; E
!

hwτ0 g
for all τ=1,… ,4 and all τ′=1,… ,4.



Fig. 2. The regions of attraction, set (2)
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At k=0, Eq. (56) is infeasible for any xc(0) and e, which means that
the procedure in [8] cannot be applied. In the sequel we simulate the
following three methods:

Mthd 1: applying Eq. (25), where ηrss are pre-specified as η1s ¼ η4s ¼ 1
2

and η3s ¼ 1
3;

Mthd 2: similar to Mthd1, but ηrss are optimized according to
Algorithm 1;

Mthd 3: applying Eq. (31), where ηrss are optimized according to
Algorithm 1.

InMthd1–Mthd3, for Eq. (25) andAlgorithm1, choose {N0,d,d0,κ}=
{200,0,0,0.98} (see [4,14]: N0 is the maximum allowable amount of it-
erations in the cone complementarity approach; d and d0 are the com-
plexity index and the maximum complexity index for handling the
DbCCs, respectively; κ is the accuracy for minimizing γ). Mthd1 and
Mthd2 differ in whether or not ηrss are optimized. Mthd2 and Mthd3
differ in whether or not {Fy,Lc} are on-line optimized.

ChooseE0=I andMeð0Þ ¼ 100 0
0 0:25

� �
. In selecting xc(0), the basic

requirement x(0)−E0Txc(0)∈εMe(0) should be satisfied.w(k) is random-
ly generated. Apply the same disturbance sequence for all the methods.
The following two sets of simulations are reported.

(1) ChooseWz=16 andWu=9. By applying Algorithm 1, we obtain
α=0.01, Lc=[0.0002,0.0096]T and Fy=−1.1372. The regions
of attraction by applying Mthd1–Mthd3 are depicted in Fig. 1.
Take xcð0Þ ¼ 1ffiffi

2
p ½−0:22;4:8�T and xð0Þ ¼ 1ffiffi

2
p ½−0:32;6:8�T.
Fig. 1. The regions of attraction, set (1).

Fig. 3. The evolution of γ, set (1).

Fig. 4. The evolution of γ, set (2).
(2) ChooseWz=25 andWu=1. By applying Algorithm 1, we obtain
α=0.01, Lc=[0.0002,0.0030]T and Fy=−1.9877. The regions
of attraction by applying Mthd1–Mthd3 are depicted in Fig. 2.
Take xcð0Þ ¼ 1ffiffi

2
p ½0:05;6�T and xð0Þ ¼ 1ffiffi

2
p ½0:15;8�T.

Here, the region of attraction, sayXc, is the region of xc(0) such that,
wheneverxcð0Þ ∈Xc, the optimization problem is feasible. Some further
results are shown in Figs. 3–6. The evolution of γ, as in Figs. 3, 4, repre-
sents the control performance since we consider the min–max



Fig. 6. The control input signal, set (2).

Fig. 5. The state trajectory of the closed-loop system, set (2).
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optimization in this paper. By observing Figs. 1–4, we obtain the follow-
ing conclusions:

(1) By comparingMthd1 andMthd2, it is shown that optimizing ηrss
can enlarge the region of attraction and improve the control per-
formance.

(2) By comparing Mthd2 and Mthd3, it is shown that optimizing
{Fy,Lc} can enlarge the region of attraction and improve the con-
trol performance.

(3) In Fig. 1, the region of attraction of Mthd3 even encloses that of
Mthd1, while in Fig. 2 this phenomenon does not appear. The
pre-specified Lc and Fy greatly influence the region of attraction
and the control performance.

For Mthd1–Mthd2, since κ=0.98, i.e., 2 percent minimization error
can be observed, the comparisons should bemade by allowing this inac-
curacy (e.g., in Figs. 3–4, the curves for Mthd1–Mthd2 decrease very
slowly or very sharply at some sampling instants). While on-line opti-
mizing {Fy,Lc} is advantageous for control performance and region of at-
traction, it is disadvantageous for computation. The total amounts of
computational time for k≤50 (average of sets (1) and (2)) by applying
Mthd1–Mthd3 are 0.25 h, 0.20 h and 135 s respectively. For the state
trajectories and control input signals, we only give those for set II for
brevity; see Figs. 5, 6, which verify the closed-loop stability and con-
straints satisfaction. In summary, the simulation example verifies the
basic theoretical results.

6. Conclusions

This paper has presented the synthesis approaches of dynamic
OFRMPC which include the previous methods in [4], [6], and [8] as spe-
cial cases. The techniques for quadratic boundedness, dynamic output
feedback, norm-bounding, and recursive feasibility, which were
invented in separate works previously, are fused in this paper. It is
shown that the fused procedure can improve the control performance
and enlarge the region of attraction. We believe that this is useful, and
can be a new starting point, for further researches. Based on this
paper, a number of issues, such as the refreshment of EEB, the reduction
of computational burden, will be studied in the future.
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